Abstract. For a manifold with a linear connection, we find an obstruction class to have a volume form parallel with respect to its connection which corresponds to the Chern-Simons secondary invariant in the frame bundle of the manifold.
Introduction
Let P ∈ I k (G) be an invariant polynomial of a Lie group G, namely a symmetric multilinear map P : g × · · · × g
k-times
→ R which is invariant under the adjoint action of G. Then given a connection ω ∈ A 1 (E; g) on a principal G-bundle π : E → M over a manifold M , we can define its curvature Ω ∈ A 2 (E; g) as Ω = dω + 1 2 [ω, ω] and by composing Ω k with P , we obtain a 2k-form P (Ω k ) on E. Chern and Simons constructed an explicit (2k − 1)-form T P (ω), called now as the Chern-Simons form, such that dT P (ω) = P (Ω k ). In the case of E = O(M ), the orthonormal frame bundle over M , they showed that as a secondary class, namely when P (Ω k ) = 0, [T P (ω)] ∈ H 2k−1 (E, R) is a conformal invariant ( [1] ). In the case k = 1, P := tr and E = F (M ), the linear frame bundle over M , for a given connection ω on F (M ), we find a class [τ ] ∈ H 1 (M, R) as a secondary class on M when tr Ω = 0, satisfying [π * τ ] = [tr ω] = [T P (ω)] ∈ H 1 (E, R). This class [τ ] can be in fact described geometrically as an obstruction for the existence of a parallel volume form with respect to ω.
For an orientable manifold with an affine connection, an obstruction class inČech cohomology for the existence of a volume form parallel with respect to the connection was first obtained in [2] . The class is found in an analytic view point by solving a differential equation globally that turns out to be equivalent to parallelism of a volume form. To understand the class in a geometric view point, we find the corresponding class in the de Rham cohomology in several different aspects and then also in the simplicial cohomology for the case of a flat affine manifold. This paper is organized as follows. In Section 2, we observe that to have a volume form parallel with respect to a given connection is equivalent to solving a differential equation involving the connection form considered in [2] . In Section 3, we find the de Rham cohomology class corresponding to theČech cohomology obstruction class. In Section 4, we show the obstruction class corresponds to the Chern-Simons secondary class and find a relation between it and the holonomy group of the linear frame bundle. In Section 5, we interprete the de Rham cohomology obstruction class in the setting of affine differential geometry. In fact we describe the obstruction to the existence of a volume form parallel with respect to a given connection using a 1-form known as Koszul 1-form ( [6] ), and show that this Koszul 1-form corresponds our de Rham obstruction class. In Section 6, we find a simplicial cohomology class corresponding to our class especially in the flat affine manifold case, and show that this corresponds to the well known class in the theory of affinely flat manifolds.
Obstruction for a parallel volume form
For an orientable n-manifold M , F (M ) can be considered as a principal fibre bundle E = P (M, G) with structure group G := GL(n, R). Now for E, we choose an open covering {U α } of M and get a local trivialization ψ α :
, where e is the identity of G, σ β (x) = σ α (x)ψ αβ (x) (see [5, p. 51] ). In fact, we can put
Now we consider an equation which is related to the existence of ∇-parallel volume form on M .
Proposition 2.1. There exists a local solution
Proof. Take a local chart {x
□ A necessary and sufficient condition to solve the equation (2) locally is tr Ω = 0 since tr Ω = tr(dω) = d tr ω, where Ω is the curvature form of ∇. Under the assumption that tr Ω = 0, an obstruction class for the global solvability of the equation (2) in terms of theČech cohomology is considered in [2] . The equation is solved globally if and only if the obstruction class vanishes. From now on, we call it the "∇-parallel volume obstruction class" or simply "parallel volume obstruction class" if the given connection ∇ is well understood. Choose a local solution
) is constant by (1) . We denote this constant by c αβ as in [2] . Then [{c αβ }] is the parallel volume obstruction class inȞ 1 (M ; R).
Obstruction class in the de Rham cohomology
Given a linear connection ∇ on M with tr Ω = 0, take a partition of unity {f α } subordinate to {U α } on M . Consider a 1-form
Hence τ is a well-defined 1-form on M . And since
is independent of the choice of the partition of unity.
Proof. Take another partition of unity {f ′ α } and define τ ′ as above. Then
) .
To complete the proof, it is sufficient to show that ∑
It is easy to show that this volume form is a well-defined global form by similar computation as before. Also note that d
clearly holds by the definition of τ . Hence it is parallel with respect to ∇ by Proposition 2.1.
A secondary class and a relation with the holonomy group
Proof. By (1), since
. Thus a 1-form on the principal bundle F (M ) which is locally expressed by
is a well-defined global 1-form on F (M ). Now let X = hX + vX be any vector field on F (M ), where hX and vX are the horizontal part and the vertical part of X respectively. Then for u ∈ F (M ),
On the one hand, since
On the other hand,
Proof. On π −1 (U α ),
Now it is sufficient to show that
Now by computing the volume obstruction, we can get the following result.
Theorem 4.3. [τ ] = 0 if and only if the linear holonomy group is contained in SL(n, R).
Proof. For a point u in E, take a loop ρ in M based at π(u). Then there exists a unique horizontal lift ρ * of ρ which starts from u. And ∫
where g is the element in the holonomy group corresponding to ρ. However, since ω = 0 on ρ * , 0 = ∫ 
Parallel volume obstruction class using Koszul 1-form
For a linear connection ∇ with tr Ω = 0 given on an orientable n-dimensional manifold M , let µ be a volume form. Define a 1-form θ µ as
. . , n. Abusing the notation, let ω and Ω be the corresponding connection and curvature forms. Then as in the proof of Proposition 2.1,
Thus locally, θ µ = dG − tr ω.
Hence for any connection ∇ with tr Ω = 0, θ ∇ := [θ µ ] for some volume form µ on M is well-defined and we can get easily the following result equivalent to the one obtained in [2] . 
Proof. In fact,
,
) . 
Parallel volume obstruction class on affine flat manifold
Let M be a n-dimensional manifold with a flat affine structure. D is a developing map fromM , the universal covering of M , into R n . A triangulation K of M can be lifted to a triangulationK ofM . Take a dual complex of K (See [3, pp. 80-81] ). For each dual 1-simplex (ab) of M , we choose the developing image of a lifting (ãb) of (ab). Then the image is contained in the union of two n-simplices △ã and △b with common side such that △ã and △b are the developing images of liftings of each n-simplices a and b. Under an affine transformation, the ratio of the volumes of two n-simplices is preserved. So we take a map ϕ defined by (ab) → log
. Since
Let (a 0 , . . . , a k ) be a dual 2-simplex which has 1-faces (a 0 a 1 ), (a 1 a 2 ) , . . ., (a k a 0 ). Since (a 0 a 1 )+(a 1 a 2 )+· · ·+(a k a 0 ) is a trivial loop in M , the developing image of its lifting ( a 0 a 1 ) + ( a 1 a 2 
δϕ ((a 0 , a 1 , . . . , a k )) = ϕ((a 0 a 1 ) + (a 1 a 2 
Hence, ϕ is a 1-cocycle.
is the parallel volume obstruction class.
△x m+1 is the image of △x 0 by g in the holonomy group corresponding to ρ. So vol(△x m+1 ) is equal to | det g|vol(△x 0 ). Hence
Now the proof follows from the computation in the proof of Theorem 4.3. □ Remark 6.2. Using linear holonomy, we obtain a homomorphism of π 1 (M ) to GL(n, R). Consider the composition of this homomorphism with − log | det | :
Since R is abelian, this map induces a map from H 1 (M ) into R. Then it is an element in H 1 (M ; R), and is exactly same as ϕ by Theorem 6.1. When [ϕ] is trivial, the volume is determined up to constant multiple by the volume of the developing image of a lifting. As an example, consider a Z × Z = ⟨α, β⟩ action on the real plane R × R defined by α(x, y) = (x + sty + 1, y + s) and β(x, y) = (x + ty, y + 1) for any real number s and t. Then it gives a flat structure for the same torus. Indeed α is represented by ( ) as a real linear map, where u = u 1 + iu 2 and v = v 1 + iv 2 . Their determinants are |u| 2 and |v| 2 which cannot be equal to 1. So the volume obstruction is not trivial and hence this structure doesn't have a parallel volume form. 
